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Let R be a commutative ring with identity such that for each ideal A of R, there exists a 
Noetherian unitary extension ring T(A) of R such that A is contracted from T(A). We investigate 
the structure of R. The context in which this topic has usually been considered is where R is an 
integal domain and T(A) is an overring of R. Under these hypotheses we show that R is 
Noetherian if R is one-dimensional. In the general case, R is strongly Laskerian. has Soetherian 
spectrum, and satisfies certain chain conditions for quotient ideals, but R need not be Soetherian. 
1. Introduction 
Let D be an integral domain with identity and with quotient field K; by an over- 
ring of D, we mean a subring of K containing D. If IT is a general ring property, then 
Butts and Vaughan in [5] call an ideal A of D a n-ideal if A is contracted from an 
overring J of D with property rt (to say that A is contfacted from J means that 
A = Bfl J for some ideal B of J or, equivalently, that A =AJfl D). A primary aim 
of [5] is to determine, for various properties n, conditions under which the assump- 
tion that each ideal in some specified class 5‘ of ideals of D being a n-ideal implies 
that D has property rc. Among the properties TC considered in [5] are integral closure, 
complete integral closure, the property of being a Krull or Dedekind domain, and 
some dimensionality conditions; the class .Y is taken to be either the class of all 
principal ideals, all finitely generated ideals, or all ideals. Vaughan has continued 
consideration of related questions in a series of four papers [21]. Somewhat 
surprisingly, the Noetherian property seems to have been considered very little in [5] 
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and [21], and our primary aim in undertaking this work was an attempt to answer 
the following question (Q), raised by H.S. Butts in 1967. 
(Q) Assume that for each ideal A of the domain D, there exists a Noetherian over- 
ring J(A) of D such that A is contracted from J(A). Is D Noetherian? 
While we do not answer question (Q) in general, we show (Example 3.19) that D 
need not be Noetherian if each finitely generated ideal of D is contracted from a 
Noetherian overring. In considering (Q), one is naturally led into related, more 
general questions that drop the hypothesis on J(A) being an overring of D and/or 
the hypothesis that D is an integral domain. Thus, we define a commutative ring R 
with identity to be an N-ring if each ideal of R is contracted from a Noetherian 
unitary extension ring of R. An integral domain D with identity is said to be an N- 
domain if each ideal of D is contracted from a Noetherian extension domain, and D 
is an N-domain for overrings if each ideal of D is contracted from a Noetherian 
overring of D. In this terminology, question (Q) asks if an N-domain for overrings is 
Noetherian. In Section 3 of the paper we show that (Q) has an affirmative answer if 
D is one-dimensional, but as stated above, the general case remains open. 
Section 2 of the paper deals with N-rings and their properties. Theorem 2.2 and 
Corollary 2.7 provide five equivalent forms of the condition that a ring R should be 
an N-ring. One of these equivalences i  that R/Z can be imbedded in an Artinian ring 
for each ideal I of R. In Theorem 2.10 we prove that a quasi-local ring (TIM) such 
that M2 = (0) is imbeddable in an Artinian ring; hence such a ring T is an N-ring, and 
consequently, an N-ring need not be Noetherian. Among the more important 
properties of N-rings established in Section 2 are that in an N-ring R, each ascending 
and each descending sequence of ideals of the form {A : f?;)~=, stabilizes (Corollary 
2.8) and that R is strongly Laskerian. The definition of the term strongly Laskerian 
is the following. 
A primary ideal Q of a ring T is strongly primary if Q contains a power of its 
radical; T is Laskerian if each ideal of T is a finite intersection of primary ideals, 
and T is strongly Laskerian if each ideal of T is a finite intersection of strongly 
primary ideals. The strong Laskerian property is quite important in our considera- 
tion of N-domains and N-domains for overrings in Section 3, primarily because it 
enables us, on the basis of knowing that a given ideal A is contracted from a 
Noetherian extension ring T, to conclude that various ideals related to A - for 
example, the associated primes of A - are also contracted from T. The concluding 
result of Section 2, Proposition 2.18, shows that an N-ring R is Noetherian if and 
only if each ideal of R is a finite intersection of irreducible ideals of R. 
Our results in Section 3 are mainly for integral domains, and are concerned with 
the question of whether (or when) an N-domain, or an N-domain for overrings, is 
Noetherian. Theorem 3.3 states that a one-dimensional N-domain for overrings is 
Noetherian, while Corollary 3.10 asserts that a one-dimensional integrally closed 
domain that is an N-ring is Noetherian. In the same vein, Theorem 3.11 states that 
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the integral closure of a one-dimensional N-domain is Noetherian. The question, 
however, as to whether in general a one-dimensional quasi-local N-domain is 
Noetherian remains open. Indeed, we know of no example of an integral domain D 
that is an N-ring and is not Noetherian. In Example 3.14, we establish the existence 
of a one-dimensional quasi-local domain D with quotient field K such that D is not 
an N-ring, but such that D = E fl K for E a Noetherian extension domain of D. 
Thus, principal ideals of D are N-ideals. We present, in Example 3.15, a two- 
dimensional quasi-local domain D such that D is strongly Laskerian, each principal 
ideal of D is an N-ideal as is each height-one ideal, but D is not an N-domain. 
Our best positive result for N-domains of dimension greater than one is Theorem 
3.17, which states that an N-domain is a locally finite intersection of Noetherian 
extension domains. We obtain as a corollary that the complete integral closure of an 
N-domain is a Krull domain. The paper concludes with a brief consideration of 
ideals of a Noetherian domain D and the question of whether an ideal of D is neces- 
sarily contracted from a one-dimensional Noetherian overring of D. It is shown 
(Proposition 3.21) that for each ideal lof a Cohen-Macaulay domain D, there exists 
a one-dimensional semi-local overring of D from which I is contracted. 
All rings considered in this paper are assumed to be commutative rings with 
identity. If rings R and Tare given, with R a subring of T, then we assume that T is a 
unitary extension of R - that is, that Tand R have the same identity element. On the 
other hand, if R is given and an extension ring T is constructed, then we sometimes 
need to observe in non-obvious cases that Tand R have the same identity element. If 
R is a quasi-local ring with maximal ideal M, then we write “(R, M) is a quasi-local 
ring”. 
2. N-rings 
Let R be a ring. In Theorem 2.2 and Corollary 2.7, we determine five equivalent 
forms of the condition that R should be an N-ring. One of these conditions is that 
each homomorphic image of R can be imbedded in a Noetherian ring. Since each 
ideal of a Noetherian ring is contracted from an Artinian unitary extension ring 
(Proposition 2.6), another equivalence to the N-ring property is that each homo- 
morphic image of R is imbeddable in an Artinian ring. Using the fact that a quasi- 
local ring (R,M) with M2 = (0) can be imbedded in an Artinian ring (Theorem 2. lo), 
we are able to show that non-Noetherian N-rings exist. On the other hand, results of 
this section show that the class ._t of N-rings has many properties in common with 
the class of Noetherian rings; for example, ._ I is closed under taking homomorphic 
images, finite direct sums, and quotient rings (but not under polynomial or power 
series extensions), and rings in the class .,I are strongly Laskerian. The section con- 
cludes with some results providing necessary and/or sufficient conditions in order 
that an N-ring should be Noetherian. Proposition 2.18 is one of these results; it 
states that an N-ring R is Noetherian if and only if each ideal of R is a finite inter- 
section of irreducible ideals of R. 
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The first result of the section, Lemma 2.1, is used in the first characterization 
theorem, Theorem 2.2. Lemma 2.1 uses the following terminology. An ideal A of a 
ring R is called an N-ideal if there exists a Noetherian extension ring Tof R such that 
A is contracted from T, this ,terminology is consistent with that of Butts and 
Vaughan [5, p. 951 in the case where R is an integral domain with identity and Tis an 
overring of R. 
Lemma 2.1. Assume that {A,}j’=, is a finite family of N-ideals of the ring R. Then 
there exists a Noetherian unitary extension ring T of R such that each A; is con- 
tracted from T. 
Proof. For each i, let c be a Noetherian extension ring of R such that A, is con- 
tracted from 7;, let T be the direct sum of the family { T,}r=,. and let @ be the 
diagonal imbedding of R in T. Then T is a Noetherian unitary extension ring of R, 
and we show that for each j between 1 and n, the ideal @(A;) is contracted from T. 
Thus, if G(X) E @(A;) Tn G(R), then the jth coordinate of g(x) is in Ajq fl R = Aj, 
and since @ is the diagonal imbedding, it follows that Q(X) E @(Aj). Therefore each 
Aj is contracted from T, as asserted. 
Theorem 2.2. The following conditions are equivalent in a ring R. 
(1) R is an N-ring. 
(2) For each finite family {Ai}y,I of ideals of R, there exists a Noetherian 
unitary extension ring T of R such that each Ai is contracted from T. 
(3) Each ideal of R is a finite intersection of N-ideals of R. 
(4) R/I is imbeddable in a Noetherian ring for each ideal I of R. 
Proof. Lemma 2.1 implies that (1) and (2) are equivalent. It is clear that (1) implies 
each of the conditions (3) and (4). On the other hand, if (3) is satisfied and if B is an 
ideal of R, express B as nn=, Bi, where each Bi is an N-ideal. By Lemma 2.1, there 
exists a Noetherian unitary extension ring T of R such that each Bi is contracted 
from T. Consequently, B = fly Bi is also contracted from T, and this establishes (1). 
(4) = (1): Let I be an ideal of R, let S be a Noetherian unitary extension ring of R, 
and let St be a Noetherian unitary extension ring of R/I. Then T= SOS, is 
Noetherian and the mapping @: R 4 T defined by Q(r) = (r, r + I) is an imbedding of 
R in T; moreover, Q(R) and T have the same identity element. We show that @(I) is 
contracted from T. Thus, if @J(X) = C,“=, (Xi, O)(si, bi) E @(I) Tfl Q(R), where Xi E I, 
Sic S, and bie S1, then @(x) = (CT XiSiy 0) =(x, X+ I). This implies that x+I=O - that 
is, XE I, and I is contracted from T. This completes the proof of Theorem 2.2. 
Corollary 2.3. The homomorphic image of an N-ring is again an N-ring. 
Corollary 2.4. A finite direct sum R =Zy=, @Rj is an N-ring if and only if each Rj is 
an N-ring. 
Ideuls conrraciedfrom 0 A’oerheriun e.vrension ring 127 
Proof. The preceding corollary shows that each R, is an N-ring if R is. Conversely, 
if each Rj is an N-ring, we show that each homomorphic image R/I is imbeddable in 
a Noetherian ring. Write I =,&“a I, with Ij an ideal of R,. Then R/I=.Z;@ (R,/I,). 
and Ri/l” admits a Noetherian unitary extension ring T,. Thus, T=C;@ 7; is a 
Noetherian unitary extension ring of R/I. 
In the same vein as the two preceding corollaries, we state without proof a result 
concerning stability of the N-ring property under quotient ring formation. 
Proposition 2.5. If S is a miltiplicative system in the N-ring R, then the quotient 
ring Rs is an N-ring. 
It is proved in [13] that R is Noetherian if the polynomial ring R[X] is Laskerian, 
and the corresponding result for the power series ring R [ [Xl] is proved in [9]. Since 
an N-ring is strongly Laskerian (Proposition 2.14), it follows that R[X] or R[ [Xl] is 
an N-ring only if R is Noetherian. 
A concept that is obviously related to the N-ring property is that of a ring, each of 
whose ideals is contracted from an Artinian unitary extension ring. A consequence 
of the next result is that each N-ring satisfies this (I priori stronger condition. 
Proposition 2.6. Let R be a Noetherian ring and let I be an ideal of R. There exists 
an Artinian unitary extension ring T of R such that I is contracted from T. 
Proof. We show first that R itself admits a unitary extension ring which is Artinian; 
this is equivalent o the case of Proposition 2.6 where I = (0). Thus, let (0) = or=, Qi 
be a primary representation of (0), where Q; is Pi-primary. Then R is imbedded in 
zt”@ (R/Q;), and R/Qi in turn is a subring of the Artinian ring Rp,/QiRP,; hence the 
Artinian ring S =z:l”@ (Rp,/QiRP,) is a unitary extension of the diagonal imbedding 
of R in S. 
Let S be as in the preceding paragraph, let St be an Artinian unitary extension ring 
of R/I, and let T = S@ S,. Then T is Artinian, r + (r, r+ I) is an imbedding of R in 
T, and as is shown in the proof of Theorem 2.2, Z is contracted from T. 
In view of Proposition 2.6, two ostensibly stronger conditions can be added to the 
conditions listed in Theorem 2.2. 
Corollary 2.7. Let R be a ring. The following conditions are equivalent. 
(1) R is an N-ring. 
(2) Each ideal of R is contracted from an Artinian unitary extension ring of R. 
(3) RN is imbeddable in an Artinian ring for each ideal I of R. 
Corollary 2.8. Let A be an ideal of the N-ring R. If {Bi)i”, I is a sequence of ideals of 
R such that A:BICA:Bz5.--, then this chain stabilizes - that is, there exists a 
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positive integer k such that A : Bk = A : Bk + , = ... . Similarly, if { Ci 1 p”= , is a sequence 
OfidealsofRsuch thatA:C12A:C2a..., then this chain also stabilizes. 
Proof. Let T be an Artinian unitary extension ring of R such that A is contracted 
from T. For an arbitrary nonempty subset X of R, we prove that the ideal A :X is 
also contracted from T (cf. [ll]). Thus, if ~E(A :X)Tfl R and if xcX, then 
~xE(A:X)XT~RGATTR=A, whencerEA:XandA:Xiscontracted from T, 
as asserted. Since T is Artinian, each of the chains {(A : B;)T}T= , and {(A : C;)T);” 
stabilizes; intersecting with R, we then conclude that each of the chains {A : B,};” 
and {A : Ci};” also stabilizes. 
Corollary 2.9. An N-ring satisfies both a.c.c. and d.c.c. for annihilator ideals. 
We remark that in an arbitrary ring R, a.c.c. for annihilator ideals is equivalent o 
d.c.c. for annihilators because ann is an inclusion-reversing bijection on the set of 
annihilator ideals. Our next result appears in an unpublished manuscript of B. 
Wesselink and the first author. 
Theorem 2.10. Assume that (R,M) is a zero-dimensional quasi-local ring such that 
M2 = (0). Then R admits an Artinian unitary extension ring. 
Proof. If M is finitely generated, then R is Noetherian by Cohen’s theorem, and 
hence is Artinian since R is zero-dimensional. Otherwise, we take a vector space 
basis {me] U {milAE.i for M as a vector space over R/M; {mo} U {mi} also 
generates M as an ideal of R. We take a set {X~)j, E,, of indeterminates over R and 
we consider the ring T = R [ { X,}ls = R( { Xk}), where S is the multiplicative system in 
R[{X*}] consisting of all polynomials with a unit coefficient (which is the same as 
the set of polynomials whose coefficients generate the unit ideal of R, since R is 
quasi-local). It is known that T is a quasi-local ring with maximal ideal MT [8, Sect. 
331; moreover, (MT)‘=M2T= (0). so T is zero-dimensional. Consider the ideal 
A = (G% -Xj.rne}~,~) of T, and let T, be the ring T/A. Then T, is a zero-dimen- 
sional quasi-local ring with principal maximal ideal (mo+ A), and hence T, is local. 
To complete the proof, we show that R n A = (0) so that R is imbedded in T,. It 
suffices to prove, by a change of notation, that for an arbitrary positive integer k, 
the ideal Ak of R(Y,, . . . . Y,) generated by (m, - m&}f=, meets R in (0). To do so, 
we consider separately the cases k = 1 and k > 1. 
If k = 1, then we choose r E R n Al and we assume that rf 0. Express r as f/g, 
where f = (m, - m,Y,)h with h E R[Y,] and gE R[Y,] has a unit coefficient. Then 
rg = (m, - mOY,)h is nonzero, and since M2 = (0), it follows that h also has a unit 
coefficient. Therefore ml-moY,=rg/h~rR(Yl)nRIYl]=rRIY~] (see [8, p.4121). 
Consequently, ml, moE rR, a contradiction to the linear independence of {mo, ml} 
over R/M, since rR is one-dimensional over R/M. This proves that R fl Al = (0). 
For k> 1, we again assume that R fl Ak contains a nonzero element r, and for some 
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element g of R[Y,, . . . . Y,] with a unit coefficient, we write rg=ZF= ,(m;- m&)A. 
Since M2= (0), we assume without loss of generality that each nonzero coefficient of 
each A is a unit of R. It is clear that rR is the content ideal of the polynomial rg. On 
the other hand, we obtain a contradiction by showing that the dimension over R/M 
of the content ideal C of Z:(m; - m&)J; =Zfm,f; -Zfm,Y;J is greater than 1. 
Thus, let G be a monomial of lowest degree occurring in some f;, and let H be a 
monomial of highest degree occurring in someh, say H occurs in f,. The coefficient 
a of G in Z:rn,A -Zfrn&f; is a nonzero element of the subspace 2’: Rm; of M, while 
the coefficient p of Y,H in the same polynomial is a nonzero element of Rmo. Since 
the subspaces ZfRrn; and Rm, are independent, it follows that (a: p} is an indepen- 
dent subset of C. This yields the desired contradiction, and hence the proof of 
Theorem 2.10 is complete. 
Corollary 2.11. If (R,M) is a quasi-local ring such that M2= (0), then R is an N- 
ring. Thus, an N-ring need not be Noetherian. 
Proof. If I is a proper ideal of R, then RN is quasi-local with maximal ideal M/f 
such that (M/Z)2 = (0). By Theorem 2.10, R/I is imbeddable in an Artinian ring, and 
Corollary 2.7 implies that R is an N-ring. 
For a field F and an infinite set {X,} of indeterminates over F, the ring 
F[WaII/({Xd) ’ is an example of a non-Noetherian N-ring. 
We remark that Theorem 2.10 admits a simpler proof in the case where R 
contains its residue field as a subring - that is, in the case where R is of the form 
F + M, where F is a field. In this case, we take a vector space basis { mi} j. E,, for M 
over F and we can imbed R in the Artinian ring F({XA})[Y]/( Y2) by the unique F- 
linear homomorphism that sends 1 to 1 + ( Y2) and rnA to X,Y + ( Y2) for each L in .4. 
On the other hand, Lance Small has pointed out to us that Theorem 2.10 does not 
generalize to the case of quasi-local rings (R,M) in which the order of nilpotency of 
M is greater than 2. For example, if R =F[{&}T]/A, where F is a field and 
A = ({X?):, {XjXi ( izj}), then R is a zero-dimensional quasi-local ring with maxi- 
mal ideal M/A, with M=({X;)), such that (M/A)3=(0). But R is not imbeddable 
in an Artinian ring since the sequence Ann(Xi +A) I, Ann(X, +A, Xz +A) 2 --. 
properly descends - for example, X,, I +A is in Ann(Xi +A, . . . ,X, +A) - 
Ann(X, +A, . . . . X,+A, X,,+, +A) for each n. 
If (R,M) is a quasi-local ring, then the ideal (0) : M of R is called the socle of R. 
While the socle is defined for an arbitrary module over an arbitrary ring R (see [17, 
p. 59]), we shall need the terminology only for quasi-local rings. In the example just 
mentioned, the socle of R is the ideal M*/A and M2/A is an infinite dimensional 
vector space over R/M. The next result shows that certain zero-dimensional strongly 
Laskerian quasi-local rings with finite-dimensional socle are not N-rings. 
Proposition 2.12. Let (R, M) be non-Noetherian quasi-local ring such that M” = (0) 
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for some positive integer n. If the socie C of R is finitely generated, then R is not an 
N-ring. 
Proof. By Corollary 2.8, it will suffice to show the existence in R of an infinite 
strictly descending chain M>A, >Az> a.- of annihilator ideals. Since M”= (0), we 
see that C is properly contained in C : M. Let y E (C : M) - C, and let A I = Anmy,). 
We wish to show that M/A, is a finite-dimensional vector space over R/M. Since 
My, G C and C is finitely generated, M2 G A, and My, is a nonzero finite-dimen- 
sional vector space over R/M. If x,, . . ..x. ~Mare such that xl yI, . . ..x.,y, span My, 
over R/M, then we claim that the images of x,, . . . , x, in M/A, span M/A, over R/M. 
For if XEM, then xyl=ulxlyl+ .a- + u,x,yl for some ui E R. Hence 
(x-2.4,x,- *a’-u,x,)y*=O, 
so that x-~,x,-~~~-u,x,EA,. We now set B, = Ann(A,) and choose y2 E 
(B, : M) -B1. Let A2= Ann( y2, B,). Then A2 is properly contained in A,, and 
MA, S AZ. We claim that AI/A2 is finite-dimensional as a vector space over R/M. 
We have A, yz G C. Thus, A, yz is finitely generated. If z,, . . . . Z~E A, are such that 
Z,Y2, -**, zsy2 span A,y2, then the images oft,, . . ..z. in AI/A2 span AI/A2. For if 
ZEA,, then zy2=rltly2+... + r,t, y2 for some ri = R. Hence 
(z-rrl.zl- ...-r.z,)y2=0, 
which means that z - rlzl - .-a - rSzS E A2. A simple induction argument now yields a 
descending chain M > A, > A2 > .a. of annihilator ideals of R such that each Ai/Ai+, 
is a finite-dimensional vector space over R/M. Since R is not Noetherian, R does not 
have a composition series, and the chain does not stop. 
Example 2.13. We present an example of a quasi-local ring (R, M) such that R is not 
an N-ring, but such that for each nonzero ideal A of R, R/A is an N-ring. In view of 
Corollary 2.11 and Proposition 2.12, (R,M) will have the desired properties 
provided M3 = (0), (0) : M= C is principal, and M is not finitely generated. For then 
C will be contained in any nonzero ideal A of R because A c C implies A = C, and 
Ag C implies for aE A -C that aM#(O), but aM2=(0). Hence c=aM~ A. 
Moreover, M2= CGA for any A # (0), so (M/A)2= (0). To construct a specific 
example, let k be a field and let x and y be indeterminates over k. Consider the rank- 
one discrete valuation ring V = k(x) [ [ y]] = k(x) + M,, where M, is the maximal ideal 
of V. Let D = k + M,, and let I be an ideal of D such that M: E I, and such that Z is 
maximal in D with respect o the property that y2 6 I. (A specific example of such an 
ideal I is obtained by taking a vector space basis, say {f,} U { 1) for k(x) over k, and 
letting I be the ideal of D generated by M:, and the f,y*.) We note that y’~zD for 
anyzEM,-M:, and y2EzLIforzEM: -Mf if and only if y2D = zD. It follows that 
R =D/I is non-Noetherian, (M,/1)3=(0), and the image of y2 in R generates the 
socle of R. Thus, R provides the desired example. 
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In contrast with Example 2.13, we remark that if for each nonzero ideal A of R, 
R/A is Laskerian (or strongly Laskerian), then R must be Laskerian (or strongly 
Laskerian) [B, Exercise 5, p. 4551. 
If (R,M) is a quasi-local strongly Laskerian ring such that M is not finitely 
generated, and if there exists a nonzero element REM such that y~xR for each 
XEM -M’, then Proposition 2.12 can be used to show that R is not an N-ring. 
Indeed, if we take an M-primary ideal I of R maximal with respect o the property 
that ye I ([9. Prop. 31 guarantees existence of such an I), then Proposition 2.12 
implies that R/I is not a subring of a Noetherian ring. 
While an N-ring need not be Noetherian, there is obviously a close connection 
between the two concepts. The results in the remainder of this section develop some 
additional relationships between these concepts. 
Proposition 2.14. If R is an N-ring, then R is strongly Laskerian. 
Proof. Given an ideal A of R, let T be a Noetherian extension ring of R such that 
ATfl R = A. The ideal AT has a representation as an intersection of primary ideals, 
A7-=Q,na.anQn, where Qi is P;-primary and P> c Q;. Then A =ATfi R = 
(Q, n R) fl .a. fl (Q, r7 R), where Qi fI R is (Pi fl R)-primary, and 
Therefore A admits a shortest representation as an intersection of primary ideals 
that contain powers of their radicals. By definition, this means that R is strongly 
Laskerian. 
Corollary 2.15. If R is an N-ring, then R has Noetherian spectrum. 
Proof. It is shown in [9] that any Laskerian ring has Noetherian spectrum. 
Corollary 2.16. If R is an N-ring and if for each maximal ideal M of R, the localiza- 
tion RaCI is Noetherian, then R is Noetherian. 
Proof. Since R is Laskerian, this follows from [3] or [14]. 
The next result, Proposition 2.17, establishes a stronger version of Corollary 2.16 
(cf. [l, Th. 4.131). 
Proposition 2.17. If R is a Laskerian ring (so, in particular, if R is an IV-ring), the 
following conditions are equivalent. 
(1) R is Noetherian. 
(2) The maximal ideal of RP is finitely generated for each proper prime P of R. 
Proof. Clearly (1) implies (2). For the converse, assume that (1) fails and let P be an 
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ideal of R maximal with respect o the property that P is not finitely generated. Then 
P is prime, and since R has Noetherian spectrum, we can choose a finitely generated 
ideal A G P such that A has radical P. Moreover, if the maximal ideal PRp of RP is 
finitely generated, then we may further assume that ARp=PRp. Then A has 
primary decomposition A = P n Q, n 0.. II Qn, where the Q; are primary for prime 
ideals properly containing P. Hence R/P and R/Qi are Noetherian, so that by [18, 
(3.16)], R/A is Noetherian. Thus P/A is a finitely generated ideal in R/A. But this 
implies that P is finitely generated, contrary to our assumption. We conclude that 
PRp is not finitely generated, and this completes the proof. 
Proposition 2.18. Let R be an N-ring. Then R is Noetherian if and only if each ideal 
of R is a finite intersection of irreducible ideals of R. 
Proof. It is well known that each ideal of a Noetherian ring is a finite intersection of 
irreducible ideals. To prove the converse, assume that R is not Noetherian and let P 
be an ideal of R maximal with respect to failure to be finitely generated. Let Pe 
denote the extension of P to Rp. The proof of Proposition 2.17 then shows that Pe is 
not finitely generated. We show next that (Pe)2=(P2)e is a finite intersection of 
irreducible ideals of R. Thus, express P2 in the form nn=, Qi, where each Qi is 
irreducible. Since R is Laskerian, each Qi is primary for some ideal Pi2 P. 
Extending to Rp, we have (P2)‘= n { QT ) P/ = P}. Note that each Q/’ is irreducible 
in Rp, for if Q;= Aefl Be, where Ae and Be properly contain Q;, then contracting to 
R we obtain Qj = AeC n BeC with each of the inclusion relations Qj G AeC and Qj C BeC 
proper since Q,?<Aece=Ae and QT< B ece=Be. It follows that if Pe/(Pe)2 is con- 
sidered as a vector space over RJP’, then the zero subspace is expressible as a finite 
intersection of irreducible subspaces. Since the irreducible proper subspaces of a 
vector space are those of codimension 1, it follows that Pe/(Pe)2 is finitely 
generated, and hence Pe/(Pe)” is finitely generated for each n ~2. Since Rp has 
Noetherian spectrum, Pe is the radical of a finitely generated ideal C, and since RP is 
strongly Laskerian, C contains a power of Pe. Thus, Pe is finitely generated, and 
this contradiction yields the desired conclusion in Proposition 2.18. 
We remark that the proof of Proposition 2.18 shows that the conclusion of the 
result holds if R is assumed merely to be strongly Laskerian, rather than an N-ring. 
3. N-domains and N-domains for overrings 
The main focus of this section is the question of whether an N-domain, or an N- 
domain for overrings, is Noetherian. For a one-dimensional domain D, we show (1) 
D is Noetherian if D is an N-domain for overrings (Theorem 3.3), (2) D is 
Noetherian if D is an integrally closed N-ring (Corollary 3.10), and (3) the integral 
closure of D is Noetherian if D is an N-domain (Theorem 3.11). For an arbitrary N- 
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domain J, we show in Theorem 3.17 that J is a locally finite intersection of 
Noetherian extension domains, and hence the complete integral closure of J is a 
Krull domain (Corollary 3.18). We do not, however, answer Butts’ question (Q) 
cited in the introduction, and there are a number of well known properties of 
Noetherian domains that we have been unable to establish in an N-domain. 
Examples 3.14, 3.15, and 3.16 show that certain constructions that might reason- 
ably be expected to yield non-Noetherian V-domains fail to do so. These examples 
also suggest that if question (Q) has an affirmative answer, then a proof of this fact 
may involve properties of N-rings not well recognized in this paper. In Example 
3.19, we prove the existence of a non-Noetherian domain D such that each finitely 
generated ideal of D is contracted from a Noetherian overring; in fact, the domain 
D is not an N-ring. 
In considering ideals contracted from Noetherian extension domains, it is natural 
to ask whether ideals of a Noetherian domain D are contracted from certain 
Noetherian overrings of D. The paper concludes with the result (Proposition 3.21) 
that for each ideal I of a Cohen-Macaulay domain D, there exists a one-dimensional 
semi-local overring of D from which I is contracted. 
Proposition 3.1. Assume that T is a unitary e_Hension ring of the ring R, that 
x, y E R are such that x is regular in T, and that A is an ideal of R. 
(1) If XA is contracted from Tj then A is contracted from T; if xR and A are 
contracted from T, then XA is contracted from T. 
(2) If xR is contracted from T, then yR is contractedfrom Tfor each y such that 
x~yR. 
(3) For any positive integer k, xR is contracted from T if and only if xkR is con- 
tracted from T. 
(4) If xR is contracted from K then yR is contracted from Tfor each y E R such 
that x E jyR. 
Proof. (1) Since x is regular in R, then A =xA : xR, and hence, as was shown in the 
proof of Corollary 2.8, XA contracted from T implies A is contracted from T. To 
prove the second statement in (I), note that XR =xTfl R and A =ATfl R. Thus 
sincexisregular in T, thenxA=xATnxR=xATn(xTnR)=xATnR. 
(2) Let x = ry with r E R. Then r is regular in T and rRyR is contracted from T. By 
part (l), it follows that yR is also contracted from 7. 
(3) It follows from (1) that if XR is contracted from T, then xkR is contracted 
from T for each positive integer k, and the converse follows from (2). 
(4) Let xk~yR. Since XR is contracted from T, part (3) shows that xkR is con- 
tracted from T, and (2) then shows that yR is contracted from T. This completes the 
proof of Proposition 3.1. 
If R is a commutative ring, the pseudo-radical of R is defined to be the intersec- 
tion of the set of nonzero prime ideals of R[8, p. 581. If R is an integral domain, it is 
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well known that R has nonzero pseudo-radical if and only if the quotient field of R 
is a finitely generated ring extension of R. 
Proposition 3.2. Let D be an integral domain, let J be an overring of D, and assume 
that there exists a nonzero element x of the pseudo-radical of D such that xD is con- 
tracted from J. Then D = J. 
Proof. Since x belongs to the pseudo-radical of D, then D[l/x] is the quotient field 
of D. Hence, if y E J, then yxk E D for some positive integer k. Consequently, yxk E 
xkJ fl D, which is xkD by Proposition 3.1. We conclude that y E D and J = D, as was 
to be shown. 
Theorem 3.3. A one-dimensional N-domain for overrings is Noetherian. 
Proof. Let D be a one-dimensional N-domain for overrings. To show that D is 
Noetherian, it suffices to show that DM is Noetherian for each maximal ideal M of D 
(Corollary 2.16). As D,M is an N-domain for overrings, we assume without loss of 
generality that D is quasi-local with maximal ideal P. Let x be a nonzero element of 
P and let J be a Noetherian overring of D such that XD is contracted from J. Since x 
belongs to the pseudo-radical P of D, Proposition 3.2 shows that D = J. Therefore 
D is Noetherian. 
From Proposition 3.2 it follows, more generally that if D is an N-domain for 
overrings and if D has nonzero pseudo-radical, then D is Noetherian. Since a 
Noetherian domain with nonzero pseudo-radical is one-dimensional [8, Exer. 3, 
p. 581, D must therefore be one-dimensional. 
We have not been able to determine whether a one-dimensional K-domain must 
be Noetherian. It is at least true, however, that the integral closure of a one-dimen- 
sional N-domain is Noetherian, and we proceed to develop material relevant to 
proving this. 
If D is an integral domain with quotient field K, then we recall that XE K is said to 
be almost integral over D if there exists a nonzero y E D such that yx”~ D for each 
positive integer n. If x is integral over D, then x is almost integral over D, and the set 
D* of elements of K almost integral over D is an overring of D called the complete 
integral closure of D. 
Lemma 3.4. Let (R, M) be a one-dimensional quasi-local domain with quotientfield 
K. If 19 EK is almost integral over R and not integral over R, then R [0] is two-dimen- 
sional, MR[e] is theuniqueheight-oneprimeofR[B], andR[B]/MR[e]~(R/M)[8] 
is a polynomial ring in one variable over R/M. 
Proof. Let X be an indeterminate over R and consider the R-homomorphism 
4 :R[X] -R[B] 
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such that o(X) = 8. Since ker @n R = (0), to prove Lemma 3.4, we need only prove 
that ker @ c M[X], the ideal of R[X] of polynomials all of whose coefficients are in 
M. Since 0 is not integral over R, there exists a valuation overring V of R such that 
86 I’. Each nonzero prime ideal of Vcontracts to M in R. Hence Vcontains a prime 
ideal P of height one, and VP is the complete integral closure of V. Since 0 is almost 
integral over R and 86 V, B is a unit of VP. Moreover, for any UEMS P, we have 
a0EP. Henceifae, . . . . a, E R with some a, B .Lf and if j is the largest integer such that 
aj B M, then (Q + .,. + Q,B”) V = BjV. In particular, such an element a,, + a, 0 + -.a + 
a,Bn is nonzero. Therefore ker @ c M[X]. 
Lemma 3.5. Let D be an integral domain with quotient field K and let E be an 
integral domain containing D such that D = E Cl K. If B E K is integral over E, then 8 
is almost integral over D. 
Proof. We just need to prove the existence of a nonzero de D such that dD[8] c D. 
Since 0 is integral over E, we have E[0] = E + E0 + ..- +EB”-’ for some positive 
integer n. And 0c K implies B=a/b with a, b E D. Hence bnE[O] c E so that 
b”D[B]CEflK=D. 
Corollary 3.6. If E is a Noetherian domain, ifK is a subfield of the quotient fierd of 
E, and if D = E n K, then the complete integral closure D* of D is a Krull domain. 
Proof. If K0 is the quotient field of D, then K0 c K and D = E n KO, so we assume 
without loss of generality that K = KO. Then Lemma 3.5 shows that D*=E’fl K, 
where E’ is the integral closure of E. Since E is Noetherian, E’ is a Krull domain [ 18, 
(33.10)]. Therefore, D*= D’fl K is also a Krull domain. 
We remark that Example 3.14 shows that with the notation of Lemma 3.4, even 
for E a one-dimensional local domain, it is not true that 0 need be integral over D. 
Our next two results are in preparation for proving that certain one-dimensional 
N-domains are Noetherian. 
Lemma 3.7. Let x, YE R, a ring, where x is regular in R, y is a nonunit of R, and 
x E j/yR. Then y is a zero divisor on XR - that is, XR : yR >xR. In particular, ifx 
belongs to the pseudo-radical of R, then each nonunit of R is a zero divisor on xR. 
Proof. Choose k minimal so that xke yR and write xk= yr. Since x is regular and 
xk-‘@yR, then rgxR. Therefore re(xR : yR)-xR. While the statement in the 
second sentence is then immediate, it is perhaps worth remarking that R is an integal 
domain if the pseudo-radical of R contains a regular element. 
We remark that from Lemma 3.7 it follows that if D is a Laskerian domain with 
nonzero pseudo-radical, then D has only a finite number of prime ideals. For if x is 
a nonzero element of the pseudo-radical of D, then Lemma 3.7 implies that each 
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nonzero prime ideal P of D is a prime divisor of (x) in the sense that PDp consists of 
zero divisors on xDp. If (x) has a primary decomposition (x) = Q, n .a.n Q,,, then by 
18, (7.9, P. 201, /Q. , are the only nonzero prime ideals of D. 
Proposition 3.8. Assume that (D,M) is a one-dimensional quasi-local domain with 
quotient field K such that D is an N-ring. If 0 E K is almost integral over D, then 8 is 
integral over D. 
Proof. If 8 is not integral over D, then there exists a valuation overring Vof D such 
that 8 e V. By localizing D at the center of V on D, we may assume that D is quasi- 
local with maximal ideal M. By Lemma 3.4, MD[B] is the unique height-one prime 
of D[O] and is contained in infinitely many primes {Mi = (MD[B], A(O))}: I of D[O]. 
Let y be a nonzero element of the conductor of D in D[O]. Then y~A4D[8] is in the 
pseudo-radical of D[B], so by Lemma 3.7, we can choose for each i an element 
ziE(yD[O]:A(B))-yD[O]. Thus, if Qi=yD[O]:(z;), then 1/Q;=Mi=(MD[O],J;(O)) 
SO that Qi is Mi-primary and the sequence 
{YD[el : (Ziv ***Y Zi)}i”=I={Q1nQzn...nQi}~, 
strictly descends. We consider the descending sequence {y3D[S] : (yzi, . . . . Yzi)}: I 
of ideals of D. We show that yf, fi -.. f, is in 
for each n. Thus, if 15 j 5 n, then f, f2 *** fn Zj E yD[B] implies that yfi *** fnyzj E 
y3D[8], but yf, --.fnyzn+ I E y3D[B] would imply that f, .“fnz,,+ 1 E yD[O], which is 
false. We conclude that the sequence {y3D[O] : (yzt, . . . . YZi)}Et strictly descends, 
and this contradicts Corollary 2.8. This contradiction shows that 0 is integral over 
D, and this completes the proof of Proposition 3.8. 
Related to the hypothesis of Proposition 3.8, we remark that we don’t know 
whether an integral domain that is an N-ring is, in fact, an N-domain. 
Let D be an integral domain with quotient field K. Recall that the valuative 
dimension of D, denoted dim, D, is defined as the supremum of the ranks of the set 
of valuation overrings of D. It is true that dim, D L dim D for any D, and equality 
holds if D is Noetherian [8, pp. 360-l]. The next result uses the fact that if 
dim D = 1, then dim, D = 1 if and only if the integral closure of D is a Priifer domain 
[8, (30.14)]. 
Proposition 3.9. Assume that (D,M) is a one-dimensional quasi-local integrally 
closed domain that is an N-ring. Then D is Noetherian. 
Proof. If dim, D = 1, then D is a strongly Laskerian valuation ring, hence a rank- 
one discrete valuation ring, and hence Noetherian. We show that the assumption 
that dim, D > 1 leads to a contradiction. Thus, choose 8 E K - D, where K is the 
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quotient field of D, such that D[0] #K. Let A0 = (deD 1 d19c D); then A0 has 
radical M, and hence A0 contains a power of M. Choose the positive integer k such 
that M&CA while Mk-‘SCAB. Choose _YEM~-‘, yeAB, and let p=y0. We have 
D<D[p] rD[0], and M,u=Myt?~M~f3 CD. Since A4 is not invertible (dim,D> 1 
implies A4 is not finitely generated), then Mp f D, so Mp G M. Whence M,u’ c M for 
each positive integer t, and ,U is almost integral over D. This contradiction to 
Proposition 3.8 shows that dim, D = 1, and D is Noetherian, as asserted. 
Corollary 3.10. If D is a one-dimensional integrally closed domain that is an N- 
ring, then D is Noetherian. 
Proof. Apply Propositions 2.17 and 3.9. 
Theorem 3.11. If D is a one-dimensional N-domain with quotient field K, then the 
integral closure D’ of D is a Dedekind domain. 
Proof. We consider first the case where D is quasi-local with maximal ideal M. In 
this case, pick a nonzero element y E M and choose a Noetherian extension domain 
E of D such that yD is contracted from E. Then yD is contracted from its overring 
En K, and since y belongs to the pseudo-radical of D, Proposition 3.2 shows that 
D=E rl K. By Corollary 3.6 and Proposition 3.8, D’ is a one-dimensional Krull 
domain, and hence a Dedekind domain; in fact, since each maximal ideal of D’ 
contains M, then D’ is a semi-local PID in the case where D is quasi-local. 
The case where D is quasi-local implies, in the general case, that D’ is an intersec- 
tion of a family S of rank-one discrete valuation rings; moreover, only finitely 
many of these valuation rings are centered on a fixed maximal ideal of D. Since D 
has Noetherian spectrum, each nonzero element of D belongs to only finitely many 
maximal ideals of D, and hence each nonzero element of K is a unit in all but a finite 
number of the members of 3 Thus, as in the preceding case, D’is a one-dimensional 
Krull domain, and hence a Dedekind domain. 
If D is an N-domain with quotient field K, it would be interesting to know if any 
XE K that is almost integral over D is integral over D. This, of course, would be the 
case if every N-domain is Noetherian, something we have not determined. Our next 
two results indicate some positive grounds for the conjecture that any element 
almost integral over an N-domain D in integral over D. They also allow us to con- 
clude that certain integral domains are not N-domains. 
Proposition 3.12. If D is an N-domain with quotientfield K andxe K, xf 0, is such 
that both x and x-’ are almost integral over D, then x and x-’ are integral over D. 
Proof. Let YE D, y#O, be such that yx”~ D for each integer n. Let I= yD[x], and 
let E be a Noetherian domain containing D such that IE fl D =I. We note that 
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yx-‘EZ if and only if yx-‘=d,,y+d,yx+-.. + d,yx” for some integer n r0 and 
diED if and only if x-‘=dc+d,x-t.a. +d,x” if and only if x-’ is integral over D. 
Since E is Noetherian and x-i is almost integral over E, x-’ is integral over E and 
x-‘=eo+elx+~~- + e,x” for some integer n L 0 and ei E E. Hence 
YX -‘=eoy+eiyx+ . ..+e.,yx”~IEflD=I. 
Therefore x-’ is integral over D, and by symmetry, x is also integral over D. 
Proposition 3.13. If D is an N-domain with quotient field K and x E K is almost 
integral over D, then for any prime ideal P of D, PD[x] n D = P. 
Proof. Suppose PD[x] n D properly contains P. By localizing D at P, we may 
assume that D is quasi-local with maximal ideal P, and hence that PD[x] = D[x]. 
Thus, 1 =po+plx+... +pnx” for some positive integer n and pi E P. Since D is 
quasi-local, 1 -p. is a unit of D and x-i is integral over D. But by Proposition 3.12, 
x is integral over D, a contradiction. Hence PD[x] fl D = P for each prime P of D. 
Example 3.14. Let k be a field of characteristic zero and let x and y be indeter- 
minates over k. Let E’ denote the rank-one valuation ring k(x)[y],.,,= k(x) +M, 
where M is the maximal ideal of E’. Consider the subring E = k(x’) + M of E’. We 
note that E is a one-dimensional Noetherian domain with integral closure E’. Let K 
be the field k(x2 +x, y). We have k(x2) n K = k(x2) n k(x2+x) = k, the last equality 
following, for example, by Galois theory using the fact that k is of characteristic 
zero (15, Ex. 5, p.311, [6, p. 1881. Let D=EnK=(k(x’)nK)+(MnK)= 
k+ (Mn K). Then Mfl K is the maximal ideal of the discrete rank-one valuation 
ring W2+x)~yl~y~, and this valuation ring is the complete integral closure of D. 
Moreover, there are elements of K, for example x2+x, that are almost integral over 
D but not integral over D. Hence D is a one-dimensional quasi-local non-Noetherian 
domain. Since D = E n K and E is Noetherian, principal ideals of D are N-ideals. 
But (x2+x)-* is also almost integral over D so that by Proposition 3.12, D is not an 
N-domain. It is also true that D is not an N-ring. For D is easily seen to be integrally 
closed since any element of k(x2+x)[ylcu, integral over D is in D. Hence, by 
Proposition 3.10, D is not an N-ring. 
Example 3.15. We present an example of a two-dimensional quasi-local domain D 
such that D is strongly Laskerian, each principal ideal of D is an N-ideal, and each 
height-one ideal’ of D is an N-ideal, but D is not an N-domain. Thus, let T be the 
two-dimensional regular local ring k(X)[ V, Z]cY,z, = k(X) + M, where k is a field, 
{X, Y Z} is algebraically independent over k, and A4 = (Y, Z)T is the maximal ideal 
’ We use the term height-one ideal here to mean that each associated prime of the ideal has height one. 
This terminology is at variance with that of [IS, p. 241 and [S, Exer. 24. p. IIZ], wher: the height of an 
ideal A is defined to be the infimum of the heights of the minimal primes of A. 
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of T. Let D = k + M. A standard argument shows that D is quasi-local with maximal 
ideal M, and results of [2] show that D is a two-dimensional strongly Laskerian 
domain. We choose to establish other properties of D in sequence. 
(1) If P is a nonmaximal proper prime ideal of D, then P is prime in T and Dp = Tp 
is a rank-one discrete valuation ring. if Q is a P-primary ideal of D, then Q is also a 
P-primary ideal of T. Each height-one ideal of D is contracted from T, and is there- 
fore an N-ideal. 
Proof. We show first that Q (and hence P) is an ideal of T. Thus, take 4 E Q, tE T, 
and mEM-P. Then mttzMCD so mt.q=m. tqEQ. Since tqcM and m&P, it 
follows that tq E Q. Therefore, Q and P are ideals of T. To see that P is prime in T, 
take I,, t2E T such that t, t2E P. If one of t, or t2 is not in M, say t, $M, then t, is a 
unit of T and t2= t;‘(t, t2)e P since P is an ideal of T. On the other hand, if 
t,, t2 E M, then t, or t2 is in P since P is prime in D. Consequently, P is prime in T. A 
similar proof shows that the ideal Q is P-primary in T. The inclusion Tp a Dp is 
clear, and the reverse inclusion holds since each element t/s with t E T, SE T - P, is 
representable as tm/sm with tm ED and sm ED-P. This establishes all the state- 
ments in (1) except the assertion that each height-one ideal A of D is contracted 
from T. Since D is strongly Laskerian, A has a primary representation A = n:=, Qi, 
where each Qr is primary for a height-one prime Pi of D. Thus, each Qi is contracted 
from T, so A is also contracted from T. (In fact, A is an ideal of T since this is true 
for each Qi.) 
(2) Each principal ideal of D is an N-ideal. 
Proof. Pick f EM, f # 0, and let P,, . . . . P,, be the height-one primes of D that 
contain f. As shown in (l), 5 = Dp, = Tpi is a rank-one discrete valuation ring for 
each i. As is well known, the ideal M of T is P-adic, which is defined to mean that 
np”=, M’=(O) and that !IEM’-M~+’ and CEM;-M;+’ implies that bc~M~+j- 
M'+j+ ’ for arbitrary b, CE T. Thus, M induces a valuation on k(X, Y, 2) known as 
the ord-valuation; this valuation is defined on T - (0) by ord(b) = i if b EM’- Mi+ ‘, 
and its valuation ring is V= k(X)[ Y, Z] [ Y/Z](z, = k(X, Y/Z) + N, where hi is the 
maximal ideal of V (8, pp. 224, 2281. Let F< k(X, Y/Z) be the fixed subfield of the 
k-automorphism cr of k(X, Y/Z) that interchanges the indeterminates X and Y/Z; 
thus F=k(XYZ-‘,X+ YZ-I). We note that Fnk(X)=k. Let V’=F+Nso that V’ 
is a one-dimensional local domain with integral closure K Since T< Vand MC N, it 
follows that D=k+Mck+Nc V’. Let W= V,fI---fI V,,II V’. The domain W is 
Noetherian by [12, Th. 2.11. To complete the proof of (2), we show that fD is con- 
tracted from W. Thus, assume that 0 E W is such that f0 E D. We show first that 
t9~ T. Since T is a UFD, it suffices to show that 0 is in each of the essential valuation 
rings of T; but this is clear, since those valuation rings in which f is a nonunit 
contain 8 by definition of W, and those in which 8 is a unit contain f -‘(f@. Hence 
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we can write O=a+m, where ack(X) and mEM. Since a=8-mEk(X)n WC 
k(X)fl(F+N)=k(X)flF=k, we have 8=a+mED, sof0cfD. as we wished to 
prove. 
(3) D is not an N-domain. 
Proof. The element X of the quotient field of D is such that both X and X-t are 
almost integral over D, but not integral. Hence Proposition 3.12 shows that D is not 
an N-domain. 
Example 3.16. Let E be a domain of the form F + M, where F is a field and M # (0) 
is maxima1 in E. Let D = k + M, where k is a subfield of F such that F/k is not finite- 
dimensiona1.2 We show that the domain D is not an N-ring. Thus, let XEM, x+0, 
and let W be a maximal proper k-subspace of F. Let I be the idea1 of D generated by 
Wx2. We show that D is not an N-ring by showing that a sequence {a,}: I in F- (0) 
can be chosen so that the sequence {[I: (a,x, . . . . a,x)] f~ Fx}r=, properly descends, 
and hence the sequence {I: (a,x, . . . . a,x)}r=P,I also properly descends. We observe 
that for aeF-{0}, (I:ax)nFx=(bxIbEF and bax2E Wx2D= Wx2+MWx2). 
Moreover, bax2 = wx2+mx2 for some WE W, meA if and only if ba=wc W. 
Hence (I : ax) fl Fx= { bx 1 b e F and ba E W} = a-’ Wx. Thus, our object is to choose 
at, a2, . . . EF-(0) so that if W;=a,r’W, then W,>W,fl W2>.... Choosea,=l. If 
at, 02, . . . . a, have been chosen so that W, > W, fl W2 > ... > W, n .a. fl W,, then since 
W, n e-s fl W, is a k-subspace of F of codimension r (each W, is a k-subspace of F 
of codimension l), then W, fl ...fl W,# (0). We choose a nonzero element te 
W,fl...n W,and an element beF- W. If a,+I=b/t, then 
b~a,+,(W,n~~~n w,)- w, 
SO W,n...n W,$gaa,;‘,Wandif W,+l=a;,!IW, then W,n...fl Wr> W,n...fJ Wr+,. 
By induction we obtain a sequence {ai} with the desired properties, and hence the 
proof that D is not an N-ring is complete. 
If {Vu) is a family of integral domains with each V, a subring of a field L, then the 
intersection D = 0, V, is said to be locally finite if each nonzero x E D is a unit in all 
but a finite number of the V,. 
The proof of the next result, Theorem 3.17, uses the concept of an associated 
prime P of an ideal I of a ring R. As observed by Underwood in [20], this concept has 
been defined in the literature in several non-equivalent ways. But Underwood notes 
in [20, p. 731 that the following three definitions, denoted in [20] by (Z-S), (Bw), 
and (N), are equivalent in the case of an idea1 Z admitting a finite primary represen- 
tation I= n;_, Q;. Moreover, if each Qi is strongly primary, then definitions (Z-S), 
(Bw), and (N) are also equivalent to the definition denoted by (B) in 1201. We use 
‘Note that these conditions are satisfied in each of the two preceding examples. 
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some of these equivalences implicitly in the proof of Theorem 3.17; here are the 
definitions. 
(B) P=I:xforsomexER. 
(Z-S) I :x is P-primary for some XE R. 
(Bw) P is a minimal prime of I :x for some x E R. 
(N) For some multiplicative system S which does not meet I, PRs is maximal 
in the set of zero divisors on the ideal IRS. 
Theorem 3.17. If D is an N-domain, then D is a locally finite intersection of 
Noetherian extension domains. If D is an N-domain for overrings, then D is a 
locally finite intersection of Noetherian overrings. 
Proof. Let {Pa} be the set of prime ideals of D that are associated primes of 
nonzero principal ideals of D. For each P,, let x, be a nonzero element of P,. Since 
DpO is again an N-domain, there exists a Noetherian extension domain IJ’, of Dpa 
such that x,V,flD,=x,D~,. Let K denote the quotient field of D and set 
E = (n, V,) fl K. If PE {P,), then any nonzero XE P is such that P is an associated 
prime of (x) [4, Theorem 3, p. 21. Hence the representation E=(n, V,)fl K is 
locally finite. We claim that D = E. If not, then there exists @E E - D. Since E C K, 
O=a/b with a, bE D. Let A be the denominator ideal for 8 - that is, A = 
{d E D: d8 E D). Then A = (6) : a. Hence any minimal prime P of A is in the set 
(P,}. We note that A c P implies 136 Dp. Let x denote the chosen nonzero element 
in P and V the Noetherian extension domain of Dp in ( V,} having the property that 
xI’n Dp =xDp. Since ADp, is primary for PDp, some power of x, say x”, is con- 
tained in ADp. Therefore ~“0 E Dp. But xvrl Dp =xDp implies, by Proposition 3.1, 
that x’vfl D p=x”Dp. Hencex”BEx”Vn Dp=x”Dp. This implies BE Dp, a contra- 
diction. We conclude that D = E. If D is an N-domain for overrings, then the V, can 
be taken to be overrings of D, and the second statement of the theorem follows. 
Corollary 3.18. If D is an N-domain, then the complete integral closure D* of D is a 
KruN domain. 
Proof. With notation as in the proof of Theorem 3.17, it will suffice to show that if 
Vi is the integral closure of I’,, then any element of (n, VA) n K is almost integral 
over D. If y E (n, V;) fl K, then y = a/b with a, b E D. Since the representation D = 
(n, V,) fl K is locally finite, b is a unit in all but finitely many of the V,, say all but 
Vl, ***, V,. Because y is integral over I$, there exists a positive integer s; such that 
bXlyke I$ for all k and for i = 1, . . . . n. Ifs= max{s,, . . . . s,}, then bSy”E Vu for each 
a, so that bsykc (fl, V,) r7 K = D. Hence y is almost integral over D. 
In light of the work of Butts and Vaughan in [5], it is natural to ask whether D 
must be an N-domain for overrings if each finitely generated ideal of D is contracted 
from a Noetherian overring. Our next example shows that this is not so. 
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Example 3.19. Let R be a Noetherian domain and let {X;},“=, be an infinite set of 
indeterminates over R. Then D = R [ {Xi}z I ] is not an N-ring (since, for example, D 
is not Laskerian by [13]), but D has the property that each finitely generated ideal of 
D is contracted from a Noetherian overring. For suppose A is a finitely generated 
ideal of D. We can choose a finite subset {Y,, . . . . Y,,} of {Xi}p”=l such that the 
Noetherian ring T=R[Y,, . . . . Y,] contains a set of generators for A. If { Z;ip”=, = 
{x,}i”, \{Y,, ***, Y,,}, then D= T[{Zj]Tz,] and A =(A fl T)D. Let S be the multi- 
plicative system in D= T[{Zi}PD, ,] of polynomials whose coefficients generate the 
unit ideal of T. Since T is Noetherian, Ds = T({ Zi}: ,) is a Noetherian overring of D 
[IO]. Moreover, if f~s and geD are such that fgEA=(AflT)D, then gEA. 
Hence ADs fl D =A. Thus, each finitely generated ideal of D is contracted from a 
Noetherian overring. 
We remark thar the integral domains constructed in Example 3.19 have prime 
ideals of infinite height. It would be interesting to determine whether such examples 
can exist with Noetherian spectrum - that is, if D has Noetherian spectrum and each 
finitely generated ideal of D is contracted from a Noetherian overring, must D be an 
N-domain for overrings? 
In considering ideals contracted from Noetherian extension domains, it is natural 
to ask for a Noetherian domain D and an ideal A of D: What are the Noetherian 
overrings J of D such that AJnD=A? We have no example to show that there 
exists a Noetherian domain D and an ideal A of D such that A is not contracted 
from a one-dimensional semi-local overring J of D. Indeed, our final result is that 
there always exists such an overring J if D is Cohen-Macaulay. 
Lemma 3.20. Let R be a local Cohen-Macaulay domain with maximal ideal M and 
quotient field K. If Q is an M-primary ideal of R, then there exists a one-dimen- 
sional local overring T of R such that Q is contracted from T. 
Proof. If dim R = 1, we can take T = R, and if dim R = n > 1, we choose a system 
{a ,, . . . . a,,} of parameters for R in Q. Let X,, . . . . X,, be indeterminates over R and 
consider the R-homomorphism 
4 : R[Xz, . . . . X,,] +R[a2/al, . . ..a./a,] 
such that @(Xi) =aj/al for each i. It is well known that the kernel 1 of @ is generated 
by {alXz-a2, . . ..qX. -a,}, and that R[a2/al, . . ..a./al] is again a Cohen- 
Macaulay domain [19, Lemma 2.3 and Theorem 2.4, pp. 400-4011, [7, Prop. 2, 
p. 2011. Thus 
1~ QW2, . . ..Xnl. Q 1x2, . . . . X,]/I= QR [a2/al, . . . . a,/a,], 
3 Murad Ozaydin has pointed out to us that interchanging the order of adjoining the Y’s and Z’s also 
yields the desired construction. For the ring E = R({Z}y= ,)[YI, . . . . Y,,] is Noetherian and is a subring of 
&=R[Y1. . ..( Y”]({Z,}p”,,), so that AEnD=A. 
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and 
M[Xz, . . . . X,]/I=MR[a2/aI, . . . . a,/a,] = P. 
Therefore 
QR[a,/a,, . . . . a,/a,]nR=Q, 
QRh4, . . . . a,/a,] is P-primary, and since QR[a2/al, . . ..a./a,] is principal, 
generated by aI, then P has height one. Hence T=R[a2/al, . . ..a.,/a,],, is a one- 
dimensional ocal overring of R from which QR[a2/a,, . . . . an/al], and therefore Q, 
is contracted. 
Proposition 3.21. Let D be a Noetherian Cohen-Macaulay doma& with quotient 
field K. For each ideal I of D, there exists a one-dimensional semi-local overring of 
D from which I is contracted. 
Proof. Let I= n;=, Qi be an irredundant primary decomposition of I, where Qi is 
Pi-primary. Then Dp, = R; is a local Cohen-Macaulay domain from which Qi is con- 
tracted. By Lemma 3.20, there exists a one-dimensional local overring (c, M;) of Ri 
such that Q,R; is contracted from 7;, and hence Q, is also contracted from 7;:. Thus 
{ T}y=, is a finite set of one-dimensional local overrings of D such that no valuation 
ring on K dominates 7;: and Tj for i #j, since such a valuation ring would have center 
Pi and Pj on D. By [14, Cor. 2.10, p. 3051, T= fly=, 7; is a one-dimensional semi- 
local domain. Moreover, I is contracted from T since each Qi is contracted from T, 
and this completes the proof. 
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